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Abstract 

We present symmetric Hamiltonians for the degenerate Gamier systems in two variables. 
For these symmetric Hamiltonians, we make the symmetry and holomorphy conditions, and 
we also make a generalization of these systems involving symmetry and holomorphy conditions 
inductively. We also show the confluence process among each system by taking the coupling 
confluence process of the Painleve systems. 
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1 Introduction 

In this paper, we consider the Gamier system G(l,l,l,l,l) and its degenerate systems in two 
variables, which are completely integrable Hamiltonian systems of the form 

dHi , dH 2 , dH 1 , dH 2 , 

dx = — — at H — - — ds, dy — — - — dt — ds, 

ay ay ox ox 

BHx , 8H 2 , , dHt , dH 2 , 1 ' 

dz — — — dt H — - — as, dw = — dt — ds. 

ow ow Oz Oz 

The Hamiltonians H\,H 2 are polynomial with respect to x,y,z,w whose coefficients are rational 
functions of t, s. 

As is explained in [5] , these systems are obtained as monodromy preserving deformations equations 
of second-order linear ordinary differential equations with regular or irregular singular points and 
apparent singular points. Let us assign 1 to a regular singular point and r+1 to an irregular 
singular point of Poincare rank r. 

K. Kimura also showed the confluence process among each system through the confluence process 
of the second-order linear ordinary differential equations. 

In this paper, we present the polynomial Hamiltonian system ([T|) with symmetric Hamiltonians 

Hi := H*(x, y,t; a , ...) + R(x, y, z,w,t, s; a , . . .) € C(t, s)[x, y, z,w], H 2 = n(Hi), (2) 

where the transformation n is given by 

7T : (x,y,z,w,t,s) -> {z,w,x,y, s,t), (tt) 2 = 1 (3) 

with some parameter's change, and the symbol H*(x, y, t; ceo, • ■ •) denotes one of the Painleve 
Hamiltonians (see [7])- The birational symplectic transformations take known Hamiltonian systems 
(see [2]) to the symmetric Hamiltonian systems. These symmetric Hamiltonians are new. 
For the symmetric Hamiltonian systems, we make the symmetry and holomorphy conditions. 
As is well-known, the degeneration from Pyi to Py (see [7]) is given by 

a Q = e^ 1 , ati = A 3 , a 3 = A a - A 2 - e^ 1 , a 4 = Ai 
t = l+eT, (x- l)(X - 1) = 1, (x - l)y + {X - 1)Y = -A 2 . 



Notice that 



A + Ai + A 2 + A 3 = a + a.\ + 2a 2 + a 3 + a 4 = 1 



and the change of variables from (x, y) to (X, Y) is symplectic. 

As the fourth-order analogue of the above confluence process, we consider the following coupling 
confluence process from the Gamier system G(l,l, 1,1,1) with symmetric Hamiltonians (see Theo- 
rem [53]). We take the following coupling confluence process Pyj — * Py for the coordinate system 
(x,y) and (z,w) of this system. Precisely speaking, for the Gamier system G(l,l,l,l,l), we make 
the change of parameters and variables 



ai = A3+As — l, a 2 =A 1 , a 3 = l-A 5 , 

a 4 = A 2 , a 5 = A 4 + A 5 ~-, a 6 = 1 - A 3 - A 5 + -, 

e e 

T=— , X = -^, Y = -(x-l){(x-l)y + a 2 }, 



e 

s - 1 



Z = 



x- 1 

z 



W = -{z- \){{z - l)w + a 4 }. 



(4) 



(5) 



from ai, a 2 , . . . , ot6,t, s, x, y, z, w to A%, . . . , As, e, T, S, X, Y, Z, W. Then this system can also be 
written in the new variables T, 5*, X, Y, Z, W and parameters A\ , . . . , A5, e as a Hamiltonian system. 
This new system tends to the degenerate Gamier system G(l, 1,1,2) with symmetric Hamiltonians 
(see Theorem 15. II) as e — > (see in Section 3). 

We also show the confluence process among each system by taking the coupling confluence process 
of the Painleve systems (see Figure 1). 
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Confluence process of the Painleve equations 



Coupling confluence process 




Confluence process of the Gamier system in two variables 

Figure 1: 



In this paper, we do not consider the coupling confluence process Pin — > Pn- These coupling 
confluence processes are new. 

Moreover, we can make a generalization of these systems involving symmetry and holomorphy 
conditions without monodromy preserving deformations equations of second-order linear ordinary 
differential equations. The Hamiltonian system obtained by this process is generally rational 
functions of t,s,x,y,z,w,q,p, and is not symmetric. However, our Hamiltonians are all polynomials 
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with respect to x, y, z, w, q,p and symmetric. The system is explicitly given by 

dH x dH 2 dff 3 dH, dH 2 0H 3 

dx = — — dt H — - — as H — - — du, ay — — - — at — as — du, 

ay ay ay Ox ox Ox 

dHi dH 2 9# 3 dH, dH 2 dH 3 
dz — — — at H — - — as H — - — au, aw = — - — at — as — au, (v) 

ow Ow ow az oz oz 

. dH, dH 2 0H 3 dHi 8H 2 dH 3 

dq = — — at H — - — as H — - — au, dp — — - — dt — ds — du 

Op Op Op Oq Oq Oq 

with the symmetric polynomial Hamiltonians Hi £ C(t, s, u)[x, y, z, w, q,p] (i ~ 1, 2, 3) 

H x := H*(x,y,t;a , . . .) + R{x,y, z,w,t, s;a , . . .) + R(x,y,q,p,t,u;a , . . .) 
H 2 =n(H 1 ), fl 3 = (7ro7r)(fr 1 ), 

where the transformation n is explicitly given by 

7T : (x,y,z,w,q,p,t,s,u) -> (z,w,q,p,x,y,s,u,t), (tt) 3 = 1 (8) 

with some parameter's change, and the symbol H*(x, y,t; cto, . . .) denotes one of the Painleve 
Hamiltonians. 

Moreover, we can make the symmetry and holomorphy conditions inductively. These Hamiltonian 
systems in three variables are new. 



(7) 



(9) 



2 Garnier system in two variables 

The Garnier system in two variables is equivalent to the Hamiltonian system (see [8 ) 

dx = 1 dt H — ds, dy = — Tr—dt t-^ ds, 

Oy oy Ox Ox 

dz = 1 dt H — —^-ds, dw = Tr—dt Tr—ds 

Ow ow Oz Oz 

with the polynomial Hamiltonians 

Hi =H VI (x,y,t; 1 - 2ai - a 2 - a 3 - a 5 , a 2 , a x , a 5 , a 3 ) 
a^s a 3 (s — 1) 2(s — \)xyzw 

~ t(t-sf y ~ (t-l)(t-s) ZW + (t-l)(t-s) (10) 
t{xy — ce 3 )yz + s{zw — a^)xw {2(xy + oti) + zw + a 2 }xzw 
t(t - s) ' t(t- 1) ' 

H 2 =7r(fl-i), (11) 

where the transformation n is explicitly given by 

7r : (x, y, z, w, t, s; a x ,a 2 , a 3 , a 4 , a 5 , a e ) —> (z, w, x, y, s, t; a ly a 2 , a 4 , a 3 , a 5 ,a 6 ), (12) 

and the symbol Hyj{x, y, t; ao, a%, . . . , a^) denotes the sixth Painleve Hamiltonian given by 

Hvi(x, y, t; a , ai,a 2 , a 3 , a 4 ) 

1 [y 2 (x - t)(x- l)x - {(a - l)(x - l)x + a 3 (x - t)x (13) 



*(*-!)' 

+ a 4 (x — t){x - l)}y + a 2 (ai + a 2 )(x - t)] (a + a\ + 2a 2 + a 3 + a 4 = 1). 

Theorem 2.1. Let us consider a polynomial Hamiltonian system with Hamiltonian 
Hi € C(t, s)[x,y, z,w] (-1 = 1,2). We assume that 
(Al) deg(Hi) — 5 with respect to x, y, z, w. 

(A2) This system becomes again a polynomial Hamiltonian system in each coordinate system 
{Uj, (x^yjfZ^Wj)} (j = 1,2, ..,6): 

Uj = C 4 9 (xj,yj,Zj,Wj) (j = 1, 2, ..,6), 
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via the following birational and symplectic transformations 

-,\ 1 / \ z 

1) xi = -, yi = -x(xy + zw + cti), z x = -, w\ = xw, 

x x 

„. 1 . . z 

2) x 2 = -, y 2 = —x(xy + zw + ai+ a 2 ), z 2 = -, w 2 = xw, 

x x 

3) 2:3 = -y(xy - a 3 ), y 3 = -, z 3 = z, w 3 =w, 

V 

4) x 4 — x, 2/4 = y, z 4 = —w(zw — a±), w 4 = — , 

5) x 5 = -((x + z-l)y- a 5 )y, y 5 = -, z 5 = z, w 5 = w - y, 

V 

6) x 6 = - ((x + tz/s- t)y- a 6 ) y, y 6 = -, z 6 = z, w 6 = w - ty/s. 
Then such a system coincides with the system (1). 

Theorem 2.2. On each affine open set (xj,yj, Zj,Wj) e Uj x B in Theorem 1.1, the Hamiltonians 
Hji and Hj 2 on Uj x B are expressed as a polynomial in Xj,yj,Zj,Wj and a rational function t 
and s, and satisfies the following conditions: 

dx Ady + dz A dw — dHi A dt — dH 2 A ds 

= dxj A dyj + dzj A dwj — dHji A dt — dHj 2 A ds (j = 1, 2, .., 5), 
dx Ady + dz A dw - d(Hi - (1 - z/s)y) A dt - d(H 2 - (1 - x/t)w) A ds 
= dxe A dj/6 + dze A dwe — dH^i A dt — dH§ 2 A ds. 

Theorem 2.3. The birational and symplectic transformation 

S : (x, y, z, 10; t, s) -» (x + (zw + a{)/y, y, w/y, -zy, t, t/s), (14) 

takes the system (I) to the Hamiltonian system 



8H, 8H 2 dHi dH 2 

dx = —^—dt + — — ds, dy = —— — dt — ds, 

ay ay ox ox 

dH, 8H 2 dHi 0H 2 

dz = — — at + — — as, dw = — dt — as 

ow ow oz oz 



(15) 



with the polynomial Hamiltonians 

H\ = Hyi(x, y, t; 1 — a.\ — a 2 — a 3 — 05, —a.\ — a 2 , a 2 , ct\ + 05, a± + a 3 ) 
ct^xy a 2 (s — l)zw + 2(s — l)xyzw {ty + (xy + a 2 )x}zw 
+ (t^a) + (t-l)(t-s) + t(t - 1) (16) 

t(zw + a 4 )yz + s(xy + ot 2 )xw 
t{j~J) ' 

H 2 = 7r(#i), (17) 

where the transformation n is explicitly given by 

it : (x, y, z,w;t,s,ai,a 2 , . . . , a 6 ) -> (z, w, x, y; s, t, ai, a 4 , a 3 , a 2 ,a 5 , a 6 ). (18) 

This transformation can be regarded as a generalization of Okamoto-transformation of the sixth 
Painleve system. 

Remark 2.1. The system (1) is not invariant under S. 

Theorem 2.4. Let us consider a polynomial Hamiltonian system with Hamiltonian 
Hi e C(t,s)[x,y, z,w] (i = 1,2). We assume that 
(Al) deg(Hi) = 5 with respect to x, y, z, w. 
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(A2) This system becomes again a polynomial Hamiltonian system in each coordinate system 
{Uj^x^y^z^Wj)} (j = 1,2,. .,6): 

Uj = C 4 3 (x^y^z^wj) (j = 1,2, ..,6), 

via the following birational and symplectic transformations 

= -j Vi = -x(xy + a 2 ), Zi = z, w x = w, 
x 

2) x 2 = l/x, j/2 = —x(xy + zw - a%), z 2 = — . w 2 = xw, 

x 

3) x 3 — x, 2/3 = y, z 3 = 1/z, w 3 = -(zw + 014) z, 

4) 2:4 = ~{xy + zw - (ai + a 3 ))y, y 4 = 1/y, z A = zy, w 4 = w/y, 

5) x 5 = -((x - l)y + {z- l)w - (ai + a 5 ))y, y 5 = 1/y, z 5 = (z - l)y, w 5 = w/y, 

6) ^6 = ~{{x - t)y + (z- s)w - (ax + a 6 ))y, y 6 = 1/y, z 6 = (z - s)y, w 6 = w/y. 

Then such a system coincides with the system (??). 

Theorem 2.5. On each affine open set (xj, yj, Zj, Wj) G Uj x B in Theorem \2.!A the Hamiltonians 
Hji and Hj 2 on Uj x B are expressed as a polynomial in Xj, yj, Zj, Wj and a rational function in t 
and s, and satisfies the following conditions: 

dx A dy + dz A dw — dHi A dt — dH 2 A ds 

= dxj A dyj + dzj A dwj — dHji A dt — dHj 2 A ds (j — 1, 2, .., 5), 
dx Ady + dz A dw - d(H\ - y) A dt - d(H 2 -w) Ads 
= dxQ A dye + dze A dw^ — dH^i A dt — dH§ 2 A ds. 

Theorem 2.6. The system (|15p is invariant under the following transformations: with the 
notation (*) = (a;, y, z, w, t, s; oti, a 2 , . . . , oiq), 

ui : (*) — > (x + a 2 /y, y, z, w, t, s; oti + oti, -a 2 , a 3 , a±, a 5 , a 6 ), 
u 2 : (*) — > (x, y,z + a^/w, w, t, s; a\ + a 4 , a 2 ,a 3 , -a 4 , a 5 ,a e ), 

x(xy + zw — ai) y{xy + zw — a\ — a 3 ) z(xy + zw — a\) 



u 3 :(*)-►( 



(xy + zw — a\ — a 3 ) ' [xy + zw — a%) ' (xy + zw — ot\ — a 3 ) ' 

w(xy + zw - ai - a 3 ) . 

-, ; c ,t,s;ai + a 3 , a 2 , -a 3 , a 4 , a 5 , a 6 ), 

(xy + zw — ai) 

(ft : (*) — > (l/x, —(xy + a 2 )x, 1/z, — (zw + a 4 )z, 1/t, 1/s; 

- ai - a 2 - a 3 - a 4 , a 2 , a 3 , a 4 , 1 - a 6 , 1 - a 5 ), 

¥2 ■ (*) -* (1 - x, -y, 1 - z, -w, 1 - t, 1 - s; ax,a 2 ,a 5 , a 4 , a 3 , a 6 ), 

ft/ — ' x s — z t s 

<P3 :(*)-► - — - !)2A 7' ~( s ~ 7 — T' -;ai,a 2 ,a 6 ,a 4 ,a 5 ,a 3 

\t — 1 s — 1 t — Is — 1 



3 A generalization of the system ( fI31 ) to three variables 



In this section, we present a generalization of the system (1151) to three variables t, s and u, which 
is equivalent to the polynomial Hamiltonian system 

dHi , 8H 2 dH 3 , , dH 4 , dH 2 , dH 3 , 
dx = — — dt H — - — ds H — - — du, dy — — - — dt — ds — du, 

dy ay dy ox ox Ox 

dH dH dH dH dH' dH 

dz — — — dt H — - — ds H — - — du, dw — — dt — ds — du, (19) 

dw ow dw dz dz dz 

dm dH 2 ^dH 3 dH, dH 2 dH 3 

dq = — — dt H — - — ds H — - — du, dp — — dt — ds — du 

dp dp dp dq dq dq 
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with the symmetric Hamiltonians Hi G C(t, s, u)[x, y, z, w, q,p] (i = 1, 2, 3) 

Hi = H VI (x, y,t; 1 - a*i - a 2 - a 3 - a 5 , —at\ - a 2 ,a 2 , ct\ + a 5 ,ax + a 3 ) 

+ R(x,y,z,w,t,s;a2,a i ) + R(x,y,q,p,t,u;a 2 ,a 7 ), (20) 
H 2 = ir{H 1 ), H 3 = (7ro7r)(i?i) (2ai + a 2 + ■■ ■ + a 7 = 1), 

where the transformation 7r is explicitly given by 

7T : (*) -> (z,«J, g,p,x, y, s,u,t;ai,a4,a 3 ,Q!7,a 5 ,a 6 ,a2). (21) 

Here the symbol (*) denotes (*) := (x, y, z, to, f, s, u; a\, a.2, ct 3 , ola, 0^5, ciq, a 7 ), and the symbol 
R(qi,Pi,q m ,p m , U, t m ; a, 0) is explicitly given by 

R(qi,pi, qmi Pm,tt,t m ; a, /3) 

(3qipi a(t m - 1) 

QmJ?m {tiPi + (qiPi + a)qi}q 

mPrn 

~ U-t m (ti - \){ti-t m ) ti(ti - 1) 

_ ti(q m p m + (3)piq m + t m (qipi + a)qip m 
ti(ti — t m ) 

For the Hamiltonian system it is difficult to make a generalization to three variables by a 
similar way. 

Theorem 3.1. Let us consider a polynomial Hamiltonian system with Hamiltonian 
Hi 6 C(t, s,u)[x,y, z,w,q,p] (z = 1,2,3). We assume that 
(Al) deg(Hi) = 5 with respect to x,y,z,w,q,p. 

(A2) This system becomes again a polynomial Hamiltonian system in each coordinate system 
{Uj, \-v J .!i,.z.. l r r q,.i>,\\ (j = 1,2,..., 7): 

Uj = C 6 3 [.v,.!),.:.,. ir,.q,.p, ) (j = 1,2,..., 7), 

via the following birational and symplectic transformations 

z q 
l)Xi = 1 x, y\ = —x(xy + zw + qp — ol\), Z\ = — , W\ = xw. qi — —. p 1 = xp, 

x x 

^)x 2 = -, Vi = -x(xy + a 2 ), z 2 = z, w 2 = w, q 2 = q, p 2 = p, 
x 

3) ^3 = -(?V + zw + qp- (at + a 3 ))y, y 3 = l/y, z 3 = zy, w 3 = w/y, 
q 3 = qy, w 3 = p/y, 

4) ^4 = x, 2/4 = y, Z4 = 1/z, W4 — ~(zw + a.i)Z, qn — q, Pa = p, 

5) a:5 = ~((x - l)y + (z- l)w + (q - l)p - [cti + a 5 ))y, y 5 = l/y, 
z 5 = (z- l)y, w 5 = w/y, q 5 = (q- l)y, p 5 = p/y, 

6) x 6 = -((x - t)y + (z- s)w + (q- u)p - (a>i + a e ))y, y 6 = l/y. 
ze = {z- s)y, w e = w/y, q 6 = (q - u)y, p e = p/y, 

7) x 7 = x, y 7 = y, z 7 = z, w 7 = w, q 7 = 1/q, p 7 = -{qp + a 7 )q. 

Then such a system coincides with the system (|19[) . 

Theorem 3.2. The system (|19p is invariant under the following transformations: with the nota- 



(i 



tion (*) = (x,y,z,w,q,p,t,s,u;a 1 ,a 2 ,...,ar), 

u 2 : (*) -> (x + a 2 /y,y,z,w,q,p,t 1 s 1 u;ai + ai,-a 2 ,a 3 ,a4,a 5 ,a 6 ,a 7 ), 
Ua ■ (*) — > (x,y, 2 + w, s,u; ai + a 4 , a 2 , a 3 , — a 4 , a 5 , a 6 , a 7 ), 

w 7 : (*) — > (x,y,z,w,q,p+ a?/p,t,s,u;ai + a 7 , a 2 , a 3 , a 4 , a 5 , a 6) -07), 
x(xy + + — ctx) y{xy + zw + qp — a\ — a 3 ) 



m 3 :(*)->( 



(xy + + qp — ai — 03) ' (xy + + qp — a.\) 
z(xy + zw + qp — ai) w(xy + zw + qp — ot\ — ot 3 ) 



(xy + zw + qp — a.\ — a 3 ) ' (xy + zw + qp — a%) ' 
q(xy + zw + qp — a{) p(xy + zw + qp — a± — a 3 ) 

(xy + zw + qp — a\ — a 3 ) ' (xy + zw + qp — ax) 

t, s, u; a\ + a 3 , a 2 , — a 3 , 04, a 5 , a 6 , a 7 ), 
¥>i : (*) - * (V 35 ! - + "2)x, 1/z, -(zw + a 4 )z, 1/g, -(qp + a 7 )q, 1/t, 1/s, 1/u; 

— a x — a 2 — a 3 - a 4 - a 7 , a 2 , a 3 , a 4 , 1 — a e , 1 — a 5 , a 7 ), 
ip 2 : (*) -c (1 - x, -y, 1 - z, -w, 1 - q, -p, 1 - t, 1 - s, 1 - it; 

Qi, "2, «5, «4, 0:3, a 6 , a 7 ), 

¥>3 : (*) -> (7 — 7, -(* - 1)?/, - — 7, -(« - - — 7, -(« - l)p, 
c — 1 s — 1 u — 1 

t s u . 

- — -, -, -;ai,a 2 ,a6,a4,a5,a 3 ,a 7 ). 

1 — 1 s — 1 u — 1 

4 Degenerate Garnier system G(l, 1, 1,2) in two variables 

The degenerate Garnier system G(l, 1, 1, 2) in two variables t, s is equivalent to the Hamiltonian 
system 



dx = 1 dt H — 7r—ds, dy ■- 
dy dy 

dz = - 1 dt H — —^-ds, dw 



dHx M dH 2 
-dt — as. 



dx 
dHx 



dx 

dt Tr—ds 



(22) 



dw dw dz dz 

with the polynomial Hamiltonians Ki G C(t, s)[x, y, z, w] (i = 1,2) (see [1]) 

t 2 Kx =x 2 (x — t)y 2 + 2x 2 zyw + xz(z — s)w 2 

- {(ao + a 2 — l)x 2 + «ix(x -t) + rj(x — i) + r\tz)y 

- {("o + olx — l)xz + a 2 x(z — s) + T)(s — l)z}w + v(y + a 3 )x, 
s(s — 1)K 2 =x 2 zy 2 + 2xz(z — s)yw 

+ {z(z - l)(z - s) + S ^ S - l ^ xz}w 2 

— {(oto + ax — l)xz + a2x(z — s) — rj(s — l)z}y 

— {(a — l)z(z — 1) + axz(z — s) + a 2 (z - l)(z — s) 



(23) 



s(s - 1) 



(a 2 x + rjz)}w + v(v + a 3 )z \v 



1 



(oq + ax + a 2 — 1 + a 3 ) 



Theorem 4.1. The system (|22| is invariant under the following transformations: with the nota- 
tion (*) = (x, y, z, w, ?7, i, s; a 0) «i, . . • , a 3 , u), 



so ■ (*) 
si : (*) 



»j 2/ 



a, J/ 

x 



sx + tz — ts 
ax i](z - 1) 



,z,w- 



sx + tz — ts 



,r),t,s;-a ,ai,a>2,-a3,v , 



n 



,z,w , -r],t,s;ao, -atx,a 2 ,-a 3 ,v 

x z x 



s 2 : (*) -> ^x.y, z,w- — , 77, t, s; a , ai, -a 2 , a 3 , f + a 2 J , 
s 3 : (*) -> (x, y, z, w, 77, t, s; a , ai, a 2 , -a 3 , v + a 3 ). 
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Theorem 4.2. Let us consider a polynomial Hamiltonian system with Hamiltonian 
Hi £ C(i, s)[x, y, z, w] (i = 1,2). We assume that 
(AI) deg(Hi) = 5 with respect to x, y, z, w. 

(A2) This system becomes again a polynomial Hamiltonian system in each coordinate system 
{Uj, (x^y^z^Wj)} (j = 1,2, ..,5): 

Uj = C 4 3 {x^yj.z^Wj) (j = 1,2, ..,5), 

via the following birational and symplectic transformations 

— , yi — — (xy + zw + v + a 3 )x, Z\ = — , wi = xw, 

x 

J/2 = —{xy + ZW + v)x, Z2 = — , W2 — xw, 

X 

ai i](z — 1) n 
2/3 = 2/ 1 5 1 z 3 = z, w 3 = w , 

X X z X 

1J4 = y, Z4 = — (ZW — Ct2)w, W4 = — , 

w 

t \ \ 1 t 

x + -z - t y - a y, y 5 = ~, z 5 = z, w 5 = w y. 

s J J y s 

Then such a system coincides with the system (|22|) . 



1)11 


1 


X 


2)x 2 


1 


X 


3)x 3 


= x, 


A)x 4 


= x, 


5)x 5 





5 Symmetric Hamiltonian of the system ( 1221) 

In this section, we make symmetric Hamiltonian for the degenerate Gamier system G(l, 1, 1, 2) by 
taking suitable birational and symplectic transformations. By making this symmetric Hamiltonian, 
we can make a generalization of this system involving symmetry and holomorphy in the next 
section. We also show the confluence process from the system (IT51) to this system by taking the 
coupling confluence process Pyi — > Pv f° r each coordinate system (x, y) and (z, w) of the system 
(1T5|) . respectively. 



(25) 



Theorem 5.1. The birational and symplectic transformations with parameter's change: 

1 z 1 s 

X := x(xy + zw + v), Y := — . Z := xw, W := , T :— , S := — , „ 

y y h x x' < t' (24) 

V = 1) (010,0.1,0*2, a 3 ,v) — > (a 5 ,a 4 - a 3 , a 2 , ai, a 3 ) 
takes the system (|22|) to the polynomial Hamiltonian system 

dx = r . 1 dt H — 7r—ds, dy — — rr—dt Tr—ds, 

ay ay ox ox 

dz = 1 dt H — —^-ds, dw = 77— -dt rr—ds 

aw aw Oz oz 

with the symmetric Hamiltonians Hi € C(i, s)[x, y, z, w] (i = 1, 2) 

a 2 sxy ai zw 

Hi = i/y(x,y,£;a 3 ,ai,a<4) - — — - 

t(s — t) s — t 

tx 2 yw + tyzw + ct\txw + syz 2 w — syzw + a^syz — 2txyzw (26) 
+ t(s - 1) ' 

H 2 =tt(H 1 ) (a 1 +a 2 + --- + a 5 = l), 

Here, for notational convenience, we have renamed X, Y, Z, W, T, S to x, y, z, w, t, s (which are not 
the same as the previous x, y, z, w, t, s). The transformation ir is explicitly given by 

7r : (x, y, z, w, t, s; ati, 02, a 3 , 04, a 5 ) — * (z, w, x, y, s, t; 02, o\, a 3 , 04, a 5 ). (27) 

We note that the Hamiltonian Hi involves the Painleve V Hamiltonian Hy given by 

x(x - l)y(y + 1) + a 2 tx - a 3 xy - a x y(x - 1) (0 r,\ 
H v (x,y,t;a 1 ,a2,a 3 ) = . (28) 
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Theorem 5.2. Let us consider a polynomial Hamiltonian system with Hamiltonian 
Hi £ C(i, s)[x, y, z, w] (i = 1,2). We assume that 
(AI) deg(Hi) = 5 with respect to x, y, z, w. 

(A2) This system becomes again a polynomial Hamiltonian system in each coordinate system 
{Uj, {x^y^z^Wj)} (j = 1,2, ..,5): 

Uj = C 4 3 (xj,yj,Zj,Wj) (j = 1, 2, ..,5), 

via the following birational and symplectic transformations 

1 



l)xi 



yi 



-(yx + a\)x, z\ = z, Wi=w, 



1 



2)x 2 = x, V2 = y, Z2 = -, w 2 = -(zw + a 2 )z, 

z 

. . 1 w 

S)x 3 = -(yx + wz - a 3 )y, y 3 =~, z 3 = zy, w 3 = — , 

1 w 

4) x 4 = -((x - l)y + (z - l)w - at4,)y, 2/4 = -) z 4 = (z - l)y, w 4 = —. 

y y 

5) x 5 = -, y 5 = — ((y + tw/s + t)x + a 5 )x, z 5 — z — tx/s, w 5 —w. 



Then such a system coincides with the system (J25J) . 

Theorem 5.3. The system ()25|) is invariant under the following transformations: with the nota- 
tion (*) = (x, y, z,w,t,s;ai,a 2 ,..., a 5 ), 



91 ■ 
S2 ■ 

S5 ■ 

7Tl : 
7T2 : 



Oil i 

x H ,y,z,w,t, s; —cti, a 2 , a 3 + ai, a 4 + oji, a$ , 

x, y, z H ,w,t, s; ai, -a 2 , a 3 + a 2 , « 4 + a 2 , a 5 , 



or, 



ta 5 



y + tw/s + t 1 ' s(y + tw/s + t) 
(z, w, x, y, s, t; a 2 , ai, a 3 , a 4 , a 5 ), 
(1 - x, -y, 1- z, —w, -t, -s; ai, a 2 , a 4 , a 3 , ag) 



w, i, s; ai, a 2 , a 3 + a 5 , a 4 + a 5 , -a 5 , 



. . . xy + zw — a 3 tx(xy + ai) xy + zw — a 3 sz(zw + C12) 
7i"3 : (*J -> ( ; , ; , , ; ,~t,-s; 



sz 



tt 4 : (*) -> (- 



ix xy + zw — a 3 

a>i, a>2, ola + ct5 - 1, ct 3 + 015, 1 — as), 

y(x — 1) + w(z — 1) — a 4 i(x — l)((x — X)y + ai) 



xy + zw — a 3 



t(x — 1) ' y(x — 1) + w(z — 1) — 04 ' 

y(x — 1) + w(z — 1) — a 4 s(z — l)((z — l)w + a 2 ) 



s(z — 1) ' y(x — 1) + w(z — 1) — a 4 

ai, a 2 , a 3 + as — 1, 04 + 0:5, 1 - as). 



Proposition 5.1. TTie transformation 7r 3 can oe obtained by composing the following transforma- 
tions: 

Step 1: We transform the system (|25p by the following birational and symplectic transformation 

gi : (x,y, z,w) — > (x, y + {zw — a 3 )/x, z/x, xw). 

Step 2: We £/ien transform the system obtained by Step 1 by the following birational and symplectic 
transformation 

92 ■ (x,y,z,w) ->(x- (zw - ai - a 3 )/y,y,z/y,wy). 

Step 3: We then transform the system obtained by Step 2 by the following birational and symplectic 
transformation 

93 ■ (*) -> (y, -x, l/z, -(zw + a 2 )z). 

Step 4: We then transform the system obtained by Step 3 by the following birational and symplectic 
transformation 

54 : (*) -> (-x/t, -ty, -z/s, -sw, -t, -s). 
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As is well-known, the degeneration from Py% to Py (see [7]) is given by 

«o = £ , ai — A 3l a 3 = Aq — A 2 — e" 1 , «4 = A\ 
t=l + eT, (x - 1)(X - 1) = 1, (x - l)y + {X - l)Y = -A 2 . 

Notice that 

A + A\ + A 2 + A3 =a +ai + 2a 2 + a 3 + a 4 = 1 
and the change of variables from (x, y) to {X, Y) is symplectic. 

As the fourth-order analogue of the above confluence process, we consider the following coupling 
confluence process from the system (|15|) . We take the following coupling confluence process Pyi — > 
Pv for each coordinate system (x,y) and (z,w) of the system ([15)1. 

Theorem 5.4. For i/ie system (|15|) . we make the change of parameters and variables 

ai = A3 + A 5 - 1, a 2 =Ai, a 3 = 1 - A 5 , 

1 1 (29) 

a 4 =A 2 , a 5 = A 4 + A 5 , a 6 = 1 - A 3 - A 5 + -, 

£ £ 



£ ' £ ' sr-1' z-1' (30) 

F = (.x - l){(x - l)y + a 2 }, W = -(« - l){(z - l)u> + a 4 } 

/rom ai, a 2 , . . . , ctQ, t, s,x,y,z,w to Ax,. . ., Ag, £, T, S 1 , X, Y, 2T, W. Then this system can also be 
written in the new variables T, S, X, Y, Z, W and parameters Ax, . . . , A5, s as a Hamiltonian system. 
This new system tends to the system (j25|) as e — > 0. 



6 A generalization of the system (J23) to three variables 



In this section, we present a generalization of the system (I25p to three variables t, s and u, which 
is equivalent to the polynomial Hamiltonian system 

8^ dH 2 dff 3 , , dHx dH 2 8H 3 
ax = — — at -\ — - — as H — - — au, ay = — - — at — as — au, 

ay ay ay ox ox ox 

dz = 1 dt H — 7r—ds H — —^-du, dw = — — -dt 7r—ds —^-du, (31) 

aw ow aw Oz oz oz 

&H X dH 2 ,dH 3 , dH x 8H 2 8H 3 

aq = — — at -\ — - — as -I — - — au, dp = — - — at — as — au 

Op op Op aq aq aq 

with the symmetric Hamiltonians H% € C(t, s, u)[x, y, z, w, q,p] (i — 1, 2, 3) 

H± = Hv(x,y,t;a4,,a x ,a 5 ) 

+ R(x,y,z,w,t,s;ax,a 2 ) + R(x,y,q,p,t,u;ax,a 3 ), (32) 
H 2 =ic(H 1 ), H 3 = (n o tt){Hi) (ax + a 2 + ■ ■ ■ + a 6 = 1), 

where the transformation ir is explicitly given by 

7r : (*) — * (z, w, q,p, x, y, s, u, t; a 2 , 013,011,014, a 5 , a e ). (33) 

Here the symbol (*) denotes (*) := (x, y, z, w, q,p, t,s,u;a\, . . . , oto), and the symbol 
R{quPuq m ,Pm, ti, t m ; a, 0) is explicitly given by 

R(qi,Pi,q m ,Pm,ti,t m ; a, (3) 
Pt 

tl(tl — t m ) t\ — t m 

_ tiqi 2 pip m + Upiq m p m + atiqipm + t m piq m 2 p m - t m piq m p m + f3t m piq m - 2t l q l piq m p m 

tiiti — t m ) 
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Theorem 6.1. Let us consider a polynomial Hamiltonian system with Hamiltonian 
Hi € C(i, s,u)[x,y, z,w, q,p] (z = 1,2,3). We assume that 
(Al) deg(Hi) = 5 with respect to x,y, z,w,q,p. 

(A2) This system becomes again a polynomial Hamiltonian system in each coordinate system 
{Uj, (xj,yj,Zj,v>j>Qj,Pj)} (j = 1,2, ..,6): 

Uj = C 6 3 (x^y^ZjiW^q^pj) (j = 1,2, ..,6), 

via the following birational and symplectic transformations 

1) xi = -, y x = -(yx + ai)x, Z\ = z, Wi=w, qi = q, Pi = p, 

x 

2) x 2 =x, 1/2=2/, Z2 = ~, w 2 = ~(zw + a 2 )z, q 2 = q, p 2 = p, 

z 

3) x 3 =x, y 3 = y, z 3 = z, w 3 = w, q 3 = -, P3 = -{qp + a 3 )q, 

q 

4) x4 = -(yx + wz + pq-a4)y, t/ 4 = -, z 4 = zy, 

y 

w p 
w A = — , ?4 = qy, Pi = -, 

y v 

5) x 5 = -((x-l)y+(z-l)w + (q-l)p-a 5 )y, y 5 = ~, zs = (z-l)y, 

y 

W , .v P 

w 5 = —, q 5 = {q-l)y, P5 = ~, 

y y 

6) xq = — , ye = — ((y + tw/s + tp/u + t)x + ae)x, ze = z — tx/s, 

x 

w 6 = W, q e = q - tx/u, p 6 = p. 
Then such a system coincides with the system pip . 

Theorem 6.2. The system pip is invariant under the following transformations: with the nota- 
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tion (*) = (x,y,z,w,q,p,t,s,u;ax,a 2 ,...,a e ), 

si : 0) -> (^x + ^-,y,z,w,q,p,t, s,u; -a x , a 2 , a 3 , a 4 + a>i, a 5 + a x , a 6 ) . 
S2 ■ (*) — > (x, y,z + — , w, t, s,u; ai,—a 2 , a 3 , a 4 + a 2 , a 5 + a 2 , a 6 J , 

s 3 : (*) — > (x,y, z,w, q+ ^-,p,t,s,u;ax,a 2 ,-a 3 ,a>4 + a 3 ,a 5 + a 3 ,a 6 j , 

a 6 su a 6 iw 

S6 : (*) — > (x H , y, z H , w, 

sity + tuw + tsp + tsu suy + tuw + tsp + tsu 

agts 

p,t, s,u; ati, a 2 , a 3 , a 4 + a 6 ,a 5 + a 6 , -a 6 ), 



suy + tuw + tsp + tsu 
7ri : (*) — > (z,w,q,p,x,y,s,u,t;a 3 ,a 2 ,ax,a 4 ,a 5 ,a 6 ), 

7T2 : (*) — > (1 - x, -y, 1 - z, -w, 1 - q, -p, -t, -s, -u; ax, a 2 , a 3 , a 5 , a 4 , a 6 ) 
xy + zw + qp — ct4 tx(xy + a±) xy + zw + qp — a 4 



7T3 : (*) -> (- 



tx xy + zw + qp — a 4 sz 

sz(zw + a 2 ) xy + zw + qp — CX4 uq(qp + a 3 ) 



tt 4 :(*)->( 



xy + zw + qp — 0L4 uq xy + zw + — a 4 

ai,a 2 , a 3 , as + ae — 1, 014 + a 6 , 1 — a^), 
(1 - x)j/ + (1 - z)w + (1 - q)p + a 5 



-t, — s, —u; 



t(x-l) 

t(x - l)((x - l)y + ax) (1 - x)y + (1 - z)w + (1 - q)p + a 5 



(x - l)y + [z — l)w + (q - l)p — as ' s(z — 1) 

s(z - l)((z - l)w + a 2 ) (1 - x)y + (1 - z)w + (1 - g)p + a 5 

(x - l)y + (z - l)w + (q - \)p ~ a 5 ' u(q - 1) 

u(q-l)((q-l)p + a 3 ) 



(x - l)y + (z - l)w + (q - l)p - a 5 



t, s, u; ai,a 2 ,a 3 ,ci4 + ae — 1, ag + ae, 1 — ae). 



7 Degeneration from the system (J25j) 

As the fourth-order analogue of the confluence process from P v to Pjy (see [7]), we consider 
the following coupling confluence process from the system (f2"5j) . We take the following coupling- 
confluence process Py — > Pry for each coordinate system (x,y) and (z, w) of the system (f25|) . 

Theorem 7.1. -For tte system (|25j) . we make the change of parameters and variables 

2e z 



ai = Ax, a 2 =A 2 , a 3 = A 3 , a 4 = -7^, as = 1 - ^.1 - ^2 - ^3 + 5-3 ( 34 ) 



^ 1 • 2 / 1 • 2 S ^ :X eZ 



2e 2 ' 2e 2 ' eX-V eZ-l' 

(eX- l){(eX- 1)Y + eA 2 \ (eZ - l){(sZ - l)W + eA 9 \ ( ' 

y = > w = 

e e 

from ax, a 2 , . . . , as, t,x,y,z,w to Ax,. .., A4, e, T, X, Y, Z, W . Then this system can also be written 
in the new variables T, X, Y, Z, W and parameters A±, A 2 , A 3 , A4, s as a Hamiltonian system. This 
new system tends to the polynomial Hamiltonian system 

dHx , dH 2 , , dHx , dH 2 , 

ax = — — at H — - — as, ay = — - — at — as, 

ay ay ox ox 

dz = 1 dt H — —-^ds, dw = Tr—dt 7r—ds 

ow dw oz oz 
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with the symmetric Hamiltonians Hi S C(t, s)[x, y, z, w] (i = 1,2 
Hi = Hi V (x,y,t;ai,a 2 ) 



a 3 a 2 
xy + zw 



t- s 



t- s 



x 2 yw — 2(t — s)yzw — 2xyzw + yz 2 w + a 3 yz + a2xw 
t~s ' 
H 2 = Tt(Hi) («! + a 2 + a 3 + a 4 = 1) 



(37) 



as e — > 0. 



Here, for notational convenience, we have renamed X, Y, Z, W, T, S, Ai,A 2 , A 3 to x, y, z, w, t, s, ct\, 
a 2l a 3 (which are not the same as the previous x, y, z, u>, t, s, oti, a 2 , a 3 ). The transformation ir is 
explicitly given by 

7r : (a;, y, z, w, t, s; a\, a 2 , a 3 , a 4 ) — > (z, w, x, y, s, t; a\, a 3 , a 2 , a 4 ), (38) 

and the symbol Hiy(x, y, t; a,\, a 2 ) denotes the fourth Painleve Hamiltonian given by 

Hiv{x, y, i; ax, ct 2 ) — —x 2 y + 2xy 2 — 2txy — 2a\y — a 2 x (ao + ai + a 2 = 1). (39) 

Theorem 7.2. Let us consider a polynomial Hamiltonian system with Hamiltonian 
Hi € C(t, s)[x, y, z, w] (i — 1,2). We assume that 
{Al) deg(Hi) = 5 with respect to x,y,z,w. 

(A2) This system becomes again a polynomial Hamiltonian system in each coordinate system 
{Uj, ;•'•,.//.. wj)} (j = 1,2,3,4): 



U, 



3 (xj.y^z^Wj) (j = 1,2,3,4), 



via the following birational and symplectic transformations 
l)xi 



. . 1 w 

(xy + zw-ai)y, yi = -, z\=zy, w 1 = —, 

y y 



i 



2)^2 = -, 2/2 = ~(yx + a 2 )x, z 2 = z, w 2 = iu, 



3)x 3 =x, y 3 = y, z 3 



w 3 = -(zw + a 3 )z, 



4)x 4 = -((x - 2y - 2w + 2t)y + (z - 2y - 2w + 2s)w - a 4 )y, y 4 = -. 

y 

w 

z 4 = (z — 2y — 2w + 2s)y, w 4 = — . 

y 

Then such a system coincides with the system (|36p . 

Theorem 7.3. The system ()36|1 is invariant under the following transformations: with the nota- 
tion (*) = (x, y, z, w, t, s; a\,a 2 , a 3 , 0:4), 



s 2 : (*) 



a 2 

x H , y, z,w,t, s; a\ + a 2 , -a 2 , a 3 , a 4 + a 2 , 

y 

Ot 3 

x,y,z-\ ,w, t, s; ai + a 3 , a 2 , -a 3 , a 4 + a 3 , 

w 



S3 ■ (*) 

tti : (*) -> (z,w,x,y,s,t;ai,a 3 ,a 2 ,a4,), 

tt 2 : (*) -> (V^l(x -2y-2w + 2t),-\f-iy, \/ z T(z - 2y - 2w + 2s), -V^lv 
- V— It, — v— Is; a 4 , a 2 , a 3 , a 4 ), 

,2y/— l(xy + zw — ai) A/^d"a;(xy + a 2 ) 2V— l(xy + zw — ot\) 



tt 3 : (*) -> (- 



v'— lz(zui + a 3 ) 
2(xy + zw — ai) 



' 2(xy + zw — a\) ' z 
—V—lt, —V— Is; — ai — a 2 — a 3 , a 2 , a 3 , 1 + ai). 
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8 A generalization of the system ( 15B1 ) to three variables 



In this section, we present a generalization of the system (|36[) to three variables, which is equivalent 
to the polynomial Hamiltonian system 

0H X 0H 2 dff 3 0H 4 0H 2 0H 3 

dx = — — dt H — - — as H — - — au, ay = — - — at — as — du, 

Oy ay ay ox ox ox 

OH OH OH OH OH OH 

dz — — — dt H — - — ds H — - — du, dw = — dt — ds — du, (40) 

Ow Ow Ow Oz Oz Oz 

OHi 0H 2 dff 3 OH, 0H 2 0H 3 

dq = — — dt H — - — ds H — - — du, dp — — dt — ds — du 

Op Op Op Oq Oq Oq 

with the symmetric Hamiltonians Hi € C(i, s, u)[x, y, z, w, q,p] (i — 1, 2, 3) 

Hi = H IV (x,y,t;ai,a 2 ) 

+ R{x,y,z,w,t,s;a 2 ,a 3 ) + R(x, y, q,p, t, u; a 2 , a 4 ), (41) 
H 2 =tt(H 1 ), H 3 = (7ro7r)(^i) (Qi+a 2 + --- + a 5 = l), 

where the transformation ir is explicitly given by 

7T : (*) -> (z,w,q,p,x,y, s,u,t;a-L,a 3 ,a4,,a 2 ,a 5 ). (42) 

Here, the symbol (*) denotes (*) := (x, y, z, w, q,p, t, s, u; a 4 , a 2 , a 3 , a 4 , a$), and the symbol 
R(qhPi,q m ,p m , ti, t m ; a, 0) is explicitly given by 

R ( a l , Pi , 1m , Prn , 1 1 , t m \ a , 0) 

_ /3qipi aq-mPm 

qi 2 piPm + ^mPl Q in P rn — 2tipiq m p m — 2qipiq m p m + piq^Pm + (3piq m + oiqip m 

Theorem 8.1. Let us consider a polynomial Hamiltonian system with Hamiltonian 
Hi £ C(t, s,u)[x,y, z,w,q,p] (z = 1,2,3). We assume that 
(Al) deg(Hi) = 5 with respect to x,y, z,w,q,p. 

(A2) This system becomes again a polynomial Hamiltonian system in each coordinate system 
{Uj, (x j7 y h zj, Wj, qj,Pj)} (j = 1, 2, .., 5): 

Uj = C 6 3 [■>■ ,■!!,. »',.(/,./', :• (j = 1,2, ..,5), 

via the following birational and symplectic transformations 

1 

1) xi = -(yx + wz+pq- ax)y, yi = -, Z\ = zy, 

V 

w p 
Wi = — , qi = qy, pi = -, 
V V 
1 

2) x 2 = -, y 2 = -{yx + a 2 )x, z 2 = z, w 2 =w, q 2 = q, p 2 = p, 

x 

3) x 3 =x, y 3 =y, 23 = -, w 3 = -(wz + a 3 )z, q 3 = q, p 3 =p, 

z 

A)x 4 = x, y 4 = y, z 4 = z, w 4 = w, q w = -, p 4 = -(qp + a 4 )q, 

q 

5)x 5 = -{(x -2y-2w-2p + 2t)y + (z - 2y - 2w - 2p + 2s)w 
+ (q-2y-2w-2p+2u)p-a 5 }y, y 5 = -, z 5 = (z - 2y - 2w - 2p + 2s)y, 

y 

W p 
w 5 = —, q 5 = (q-2y-2w-2p + 2u)y, p 5 = -. 

y y 

Then such a system coincides with the system (|40[> . 
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Theorem 8.2. The system (|40p is invariant under the following transformations: with the nota- 
tion (*) = (x,y,z,w,q,p,t,8,u',ai,a 2 ,...,as), 



s 2 : (* 
S3 : (* 

sa : (* 

7Ti : (* 
7r 2 : (* 



7T 3 :(*)->( 



CC2 

cc H , y, z, w, q,p, t, s, u; a x + a x , -a 2 , a 3 , a 4 , a 5 + a 2 , 

2/ 

/ a 3 \ 

( x, y, z H ,iu,t, s, u; a-i + a 3 , a 2 , -a 3 , a 4 , a 5 + a 3 I , 

v w / 

y, z,w,gH t, s, u; a% + 04, a 2 , a 3 , — 04, as + cm , 

P / 

(z, to, g,p, x, y, s, tt, i; «i, a 3 , a 4 , a 2 , a 5 ), 

(V^T(a; - 2y - 2w - 2p + 2i), -y/^ly, \Z^T(z - 2y - 2w - 2p + 2s), 
/^Tw, v/^g - 2y - 2uj - 2p + 2u), — s/^Tp, -x/^lt, -V^ls, 
/^Tu;a 5 , a 2 , ct 3 , a 4 , ai), 
2\/— l(xy + zw + qp — a%) \/—lx(xy + a 2 ) 



x ' 2(xy + zw + qp — a\) ' 

2\/—l(xy + zw + qp — ot x ) y/—lz(zw + ce 3 ) 

z ' 2(a:y + zu> + gp — ai) ' 

2 V— 1(^2/ + zw + qp — ai) V~^lg(gp + a 4 ) 

g ' 2(xy + zw + qp — a±) ' 

— v— Tt, — y— Is, — v— Tit; — ai — a 2 — a 3 — a 4 , a 2 , a 3 , a 4 , 1 + ai). 



9 Another degeneration from the system ( 1251 ) 



As the fourth-order analogue of the above confluence process from Py to Phi (see [7]), we consider 
the following coupling confluence process from the system ([25]) . We take the following coupling 
confluence process Py — > Pjjj for each coordinate system (x,y) and (z,ui) of the system (|25p, 



Theorem 9.1. for i/ie system (|25|) . we make the change of parameters and variables 

oti=Ao, a 2 — A 2 , a 3 = -, a A = 2Ai , a 5 = A 3 

e e 



sT, s = -eS, X = -t{x-l), Z = -s(z-l), 



Y 



t 



W 



w 
s 



(43) 
(44) 



from ai, a 2 , . . . , as, t, s, x, y, z, iu to Ao, . . . , A3, e, T, S, X, Y, Z, W. Then this system can also be 
written in the new variables T, S, X, Y, Z, W and parameters Ao, . . . , A3, e as a Hamiltonian system. 
This new system tends to the polynomial Hamiltonian system 



dx = 1 dt H — Tr—ds, dy ■ 
dy dy 

dz — dt H — ~ — — a*s, dw 



dH x ^ dH 2 ^ 
-dt — as, 



d.v 
dH x 



dx 

, dH 2 , 
dt — as 



(45) 



dw dw ' dz dz 

with the symmetric Hamiltonians Hi € C(t, s)[x,y, z,w] (i = 1,2) 

Hi = H UI {x,y,t;a {) ,a 1 ) + — -xy + zw 

t(t—s) t — s 

tyz 2 w + sx 2 yw — 2txyzw + a 2 tyz + a$sxw 

t(t - s) ' 

H 2 = n(Hi) (ao + 2ai + a 2 + a 3 = 1), 



(46) 



as e — > 0. 
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Here, for notational convenience, we have renamed X, Y, Z, W, T, S, A\, A 2 , A 3 to x, y, z, w, t, s, ai, 
a 2l 013 (which are not the same as the previous x, y, z, w, t, s, a±, ct 2 , a 3 ). The transformation 7r is 
explicitly given by 



7r : (x,y, z,w,t,s;ao, ax, a 2 ,a 3 ) — > (z, w, x, y, s, t; a 2 , ax, a , a 3 ), 
and the symbol Hm(x, y, i; ao, eti, ct 2 ) denotes the third Painleve Hamiltonian given by 



Hin(x,y,t; ao,ai) 



2 y(y - 1) + x{(l - 2a x )y - a } + ty 



(47) 



(a + 2ai + a 2 = 1). (48) 



Theorem 9.2. Let us consider a polynomial Hamiltonian system with Hamiltonian 
Hi £ C(£, s)[ie, y, 2, «;] (i = 1,2). FKe assume that 
(AI) deg(Hi) = 5 with respect to x, y, z, w. 

(A2) This system becomes again a polynomial Hamiltonian system in each coordinate system 
{r,.;.r,.//,. .:,.(/',:} (j = 0,1,2,3): 

Uj = C 4 9 (x^y^z^Wj) (j = 0, 1, 2, 3), 

via the following birational and symplectic transformations 

0) x = -, y = -{yx + a )x, z = z, w = w, 

x 

s 2{(z - jx)w — ai} t 

1) x 1 =x, yi = y + -w-\ h-o, 

t xx z 

Z\ = ^— , Wl — x 2 w, 



2) x 2 =x, y 2 =y, z 2 = -, w 2 = -(zw + a 2 )z, 

3) x 3 = -, y 3 = -((y + w-l)x + a 3 )x, z 3 = z - x, w 3 =w. 

x 

Then such a system coincides with the system (|45|) . 

Theorem 9.3. The system (|45[) is invariant under the following transformations: with the nota- 
tion (*) = (x, y, z, w, t, s; a x , a 2 , a 3 , a 4 ), 



so 
s 2 
S3 

7T3 



.t H , y, z, to, t, s; -a , ai + a , a 2 , a 3 , 

/ a 2 \ 
(x, y, z H ,w,t,s; a , ai + a 2 ,-a 2 , a 3 , 



w 
a 3 



Q'3 



y + w — 1 y + w— 1 

(z, w, y, s, i; a 2 , ai, a , a 3 ), 

t (xy + ao)x s (zw + a 2 )z 
x 



, w, t, s; a , ai + «3, «2, -"3 



z s 

(x - z,y, -z, 1 - y - w,t- s, -s;a ,ai,a 3 ,a 2 ). 



t, s; a , c*i + a 3 - -, a 2 , 1 - a 3 



10 A generalization of the system to three variables 



In this section, we present a generalization of the system (|45[) to three variables, which is equivalent 
to the polynomial Hamiltonian system 



dx = ^ 1 dt H — Tr—ds H — —^-du, dy - 
ay ay ay 

dz = 1 dt H — Tr-^-ds H — —^-du, dw 
dw aw aw 

dq = ^rr-^-dt + ^-—^ds + ^—^-du, dp = 
ap op op 



dH x 8H 2 8H 3 
-dt — ds — au, 



dx 
dHi 

dz 
dHi 

dq 



dx 



dx 



til 7r—ds ^-—du, 



dz 



dz 



(49) 



dt 7r-—ds 7r^-du 



1G 



with the symmetric Hamiltonians Hi £ C(t, s, u)[x, y, z, W, q,p] (i = 1, 2, 3) 

Hi = Hi II {x,y,t;aQ,a 1 ) 

+ R(x,y,z,w,t, s;a 0l a 2 ) + R(x, y, q,p, t, u; a , 04), (50) 
H 2 = Tr(H 1 ), H3 = (tt o 7r)(Hi) (a + 2ai + a 2 + a 3 + a 4 = 1), 

where the transformation 7r is explicitly given by 

7r : (*) -> (z, to, g,p, y, s, u, t; a 2 , ai, a 4 , a 3 , a ). (51) 

Here the symbol (*) denotes (*) := (x, y, z, w, q,p, t, s, u; ceo, oti, a 2 , CX3, 0:4), and the symbol 
R(qi,Pi,q m ,p m , U, t m ; a, 0) is explicitly given by 

R(qhPhQm,Pm,tl,t m ;a, f$) 

f3t 

mqiPl QqrnPm 
tl(tl — t m ) tl — t m 

Upiq^Pm + t m qfpiPm ~ 2tiqipiq m p m + 0tipiq m + at m qip m 



ti(ti — t m ) 

Theorem 10.1. Let us consider a polynomial Hamiltonian system with Hamiltonian 
Hi € C(t, s,u)[x,y, z,w,q,p] (z = 1,2,3). We assume that 
(Al) deg(Hi) = 5 with respect to x,y, z,w,q,p. 

(A2) This system becomes again a polynomial Hamiltonian system in each coordinate system 
{Uj,{xj,yj,Zj,Wj,qj,Pj)} (j = 0,1,. .,4): 

Uj = C 6 3 [■>■ ,■!!,. ir,.q ,./),) (j = 0, 1, ..,4), 

via the following birational and symplectic transformations 

0) x Q = -, y = -{yx + a )x, z a = z, w = w, q = q, Po = P, 

x 

s u 2{(z — ~x)w + (q — jx)p — a\} t 

1) xi=x, yi = y + -w + -p-\ + 

t t X X 1 

z\ = 5 — , wx=xw, qi = = — , pi = x p, 

X X 

1 

2) x 2 = x, y 2 = y, z 2 = -, w 2 = -(zw + a 2 )z, q 2 = q, p 2 = p, 

z 

3) ^3 = -, 2/3 = -((y + W+p- l)x + a 3 )x, z 3 = z-x, 

x 

w 3 =w. q 3 =q-x, p 3 = p, 

A)x 4 = x, y 4 = y, z 4 = z, w 4 = w, q 4 = -, p 4 = -(qp + a 4 )q. 
Then such a system coincides with the system (|50[) . 

Theorem 10.2. The system (|50|) is invariant under the following transformations: with the 
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notation (*) 



so 

S3 
S4 
fl"2 



x, y, z, w, q,p, t, s, u; a , at, . . . , a 4 ), 

*) — ► la; + ~iVi z > w > *> s ' u ' _a °> ai + a °> a2 > a3 ' tt4 ) ' 



*) -> (ar,j/,z + — ,u>, g,p,i, s,u;a ,ai + a 2 , -a 2 , a 3 , a 4 J 

x / .013 «3 

y+w+p—1 y+w+p—1 
t, s, u; a , at + a 3 , a 2 , -a 3 , a 4 ), 



«3 



«4 

y, g + —,p,t, s, u; ao, ai + 04, c*2, a 3 , -«4 ) , 

*) — * (z,t«, q,p, x,y, s,u, t;a2,at,a4,a 3 ,ao), 

t (xy + a )x s (zw + a 2 )z u (qp + a£)q 



5 j 

q 



t, s, u; ao, at + a 3 - -, a 2 , 1 - a 3 , "4)- 



11 Other generalization of the third Painleve system 

In this section, we find a generalization of the third Painleve system to two variables t, s, which is 
different from the system (|45[) . This system is equivalent to the Hamiltonian system 



>lr — - 1 dt H — ^r—ds, dy = ^r—dt T—ds. 



dy dy 



dx 



dx 



dHt 3H 2 8Hi 8H 2 
dz = — — dt H — - — ds, dw = — dt — ds 

8w dw 8z 8z 

with the polynomial Hamiltonians Hi G C(t, s)[x, y, z, w] (i — 1, 2) 

—x 3 y 2 + sx 2 y 2 — (2ai + a 2 )x 2 y + {(2«i + a 2 )s + r]it}xy a\(a\ + a 2 )x + rjitsy 



(52) 



H 



is 



is 



z 3 u> — tz w + (2ai + 0:2)2 w + (a^i — t]qs)zw atiat + 0:2)^ + rjotsw 



i] s - a 3 t rji 
5 H zw 



i 2 i 2 
xz{2{tx — sz)yw — sxy 2 + tzw 2 — (2at + ot 2 ){sy — iw)} 

i^ : 



(53) 



H 2 = n(Ht) (2«i + a 2 + a 3 + 04 = 1), 
where the transformation n is explicitly given by 

7r : (x, y, z, w, t, s; 770, r]t,at,a 2 ,a 3 , a 4 ) -> {z, w, x, y, s, i; 771, 770, £*i, a 2 , a 4 , a 3 ). 



(54) 



Theorem 11.1. Let tjs consider a polynomial Hamiltonian system with Hamiltonian 
Hi £ C(t, s)[x,y, z,w] (i = 1,2). We assume that 
(Al) deg(Hi) = 5 wii/i respect to x, y, z, w. 

(A2) This system becomes again a polynomial Hamiltonian system in each coordinate system 
{Uj^x^y^z^Wj)} (j = 1,2,3,4): 

Uj = C 4 9 (xj,yj,Zj,Wj) (j = 1,2,3,4), 

via the following birational and symplectic transformations 
1 



1) xt 

2) x 2 



x 
1 



yt = —(xy + zw + at)x, zt = — , wt = xw. 

x 

y 2 = -{xy + zw + at + a 2 )x, z 2 = —, w 2 =xw, 



3) x 3 = x, y 3 = y , z 3 = z, 

z 

"4 . m(z-t) 

4) x i = x, yt = y 1 5 — , 

X x^ 

Then such a system coincides with the system (|52p . 



z 






Wt 


X 






z 


z 2 






X 




a 3 




z 


z, 


W4 



m 

X 
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Theorem 11.2. The system (I52[) is invariant under the following transformations: with the 
notation (*) = (x, y, z, w, t, s; 770, rji, ati, a 2 , a 3 , ai), 

s 2 : (*) -> (x, y, z, to, t, s; 7? , «i + «2, -"2, "3, "4), 

/ \ ( m «3 , 770(2; - s) 

S3 : (*) — * , z, w 1 ^ ,t,s;-r]o,r)i,ai + a 3 , a 2 , -a 3 , 04 

\ z z z z 

, ( &4 .Vi(z-t) Vl . 
Si ■ (*) -* [x,y 1 - ,z,w ,t, s; 770,-771, ai + a 4 , a 2 , a 3 , -a 4 



12 Degeneration from the system (ESI) 

As the fourth-order analogue of the above confluence process from P/y to Pn (see [7]), we consider 
the following coupling confluence process from the system (f31)|) . We take the following coupling 
confluence process P/y — > P// for each coordinate system (a;, y) and (z, ui) of the system (|3"6")) . 

Theorem 12.1. For the system (|36p . we make the change of parameters and variables 

"1 = 4~6' «2=Al, "3 = ^3, « 4 = ^2-^g, (55) 

1 - e 4 T _ 1 - e 4 ^ _ 1 + 2e 2 X 
l + 2e 2 Z 

z = = , y = —=, w = — = 

from ax, 02, • • • , cti, t, s,x, y, z, w to A\, A 2 , A 3 , e,T, S, X,Y, Z,W . Then this system can also be 
written in the new variables T, S, X, Y, Z, W and parameters Ai, A 2l A 3 ,e as a Hamiltonian system. 
This new system tends to the polynomial Hamiltonian system 

dx = 1 dt H — Tr—ds, dy = — Tr^-dt T^—ds, 

dy dy dx dx , ^ 

dH 1 , dH 2 , , dHi , dH 2 , 
dz = — — dt H — - — as, dw = — - — dt — ds 

dw dw dz dz 

with the symmetric Hamiltonians Hi <E C(t, s)[x,y,z,w] (i = 1,2) 

s. ai oi a 3 . as {2(x - z) 2 - (t - s)}yw 

Hi — tin (x, y, t; a 3 ) H xy yz xw -\ zw — r , , 

v ' y ' ' ' t-s y t-s y t-s t-s 2{t-s) (58) 

H 2 = 7r(Pi) (ai + a 2 + a 3 = 1) 
as e — > 0. 

Here, for notational convenience, we have renamed X, Y, Z, W, T, S, A^, A 2 to x, y, z, w, t, s, a%, a 2 
(which are not the same as the previous x, y, z, w, t, s, a±, a 2 ). The transformation tt is explicitly 
given by 

7r : (37, y, z, w, t, s; ai,a 2 , a 3 ) -> (z, w, x, y, s, t; a 3 , a 2 , at), (59) 
and the symbol Hn(x, y, t; ao, a\) denotes the second Painleve Hamiltonian given by 

,,2 I ™2 * 



Hn(x,y,t;ai) = -y - \x +-\y-a l x. (60) 

Theorem 12.2. Lei ws consider a polynomial Hamiltonian system with Hamiltonian 
Hi € C(t, s)[x, y, z, 10] (i = 1,2). FFe assume that 
{AI) deg(Hi) = 5 wif/i respect to x,y,z,w. 

(A2) This system becomes again a polynomial Hamiltonian system in each coordinate system 
{ u h{ x o>Vh z O' w j)} (l = M,3): 

Uj = C 4 9 (xj,yj, Zj,Wj) (j = 1, 2, 3), 
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via the following birational and symplectic transformations 

l)xi = -, yi = ~(yx + a 3 )x, Z\ = z, w 1 =w, 
x 



2)x 2 = 2/2 = ~{{V + w - 2x 2 - t)x - 2 ^(z - x)x - — + a 2 }x. 



z 2 = (2 — x)x — x, W2 



x 2 ' 

3)x 3 =x, 2/3 = y, ^3 = -, w 3 = -(zw + ai)z. 

z 

Then such a system coincides with the system (|57[) . 

Theorem 12.3. TTie system (j57[) is invariant under the following transformations: with the 
notation (*) = (x, j/, z, u>, t, s; «i, a 2 , a 3 , 04), 

si : (*) -> ^x + ?/, 2, 10, i, s; ai, a 2 + a 3 , -a 3 j , 

s 3 : (*) -> (a:, y, z + — > u>, t, s; -ai,a 2 + «i> "3 ) , 
V w ) 

7ri : (*) -> (z, w,x,2/,s,t;a3,a 2 ,ai). 

For the system (|57p . we make the change of variables 

t = T, s = T + S (61) 

from t, s,x,y, z,w to T, S,x,y, z,w. Then this system can also be written in the new variables 
T, S,x,y, z,w as the Hamiltonian system 

dx=(-x 2 + y + W -^y T+ (- {x - z){xW - ZW ~ a 'K ^) dS, 
dy = (2x2/ + *s)dT + ^xyw-2yzw-a iy + a 3 w ^ ^ 

2l , S T\ , / 2 , 5 T y (X-Z)(XY-YZ + a 3 ) 



dz=[-z' + w + y----\dT+[-z' + w- --- + *--"- ii— 5 2i]d5, 

m \ im (n 2xyw — 2yzw — a±y + a 3 w s . 
dw — (2zw + ctx)d± + I 2zw + ax — ] do 



(62) 



with the polynomial Hamiltonians 



2 y 2 Ty 2 w 2 Sw Tw , . 

H 1 = -x y+ — - — -a 3 x-z w + — — - a x z — + yw, (63) 

(x — z)(xw — zw — ax)y yw Tw a 3 xw a 3 zw 
H 2 = 



S 2 2 S S 



2 W 2 Sw 

z w+ — axz. 



(64) 



We remark that K. Kimura obtained the Hamiltonian Hx\s-^o by certain reduction of the Drinfeld- 
Sokolov hierarchy (see [TO]). 
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13 A generalization of the system ( 1571 ) to three variables 

In this section, we present a generalization of the system (|57[) to three variables, which is equivalent 
to the polynomial Hamiltonian system 

dHx dH 2 dff 3 , , dHx dH 2 0H 3 
dx = — — at H — - — as H — - — du, ay = — - — at — as — au, 

ay ay ay ox ox ox 

dH dH dH dH dH' dH 

dz = — — dt-\ — - — ds H — - — du, dw = — dt — ds — du, (65) 

Ow ow ow dz dz dz 

dHi dH 2 , ^dH 3 dHx dH 2 dH, 

dq = — — dt H — - — ds H — - — du, dp = — dt — ds — du 

op op op Oq oq Oq 

with the symmetric Hamiltonians Hi 6 C(t, s, u)[x, y, z, w, q,p] (i — 1, 2, 3) 

Hi = H H (x,y,t;a 3 ) + R(x, y, z, w, t, s; a 3 , ax) + R(x,y,q,p,t,u;a 3 ,a 4 ) 
H 2 =tt(Hi), H 3 = (?r o 7r) (Hi ) (a x + a 2 + a 3 + a 4 = 1), 

where the transformation n is explicitly given by 

n '■ (*) ( z > w > liPi x i Vi s ; u > "3, o> 2 , a 4 , a x ). (67) 

Here the symbol (*) denotes (*) := (x, y, z, w, q,p, t, s, u; u\,a 2 , a 3 ,a 4 ), and the symbol 
R(qi,Pl,qm,Pm, ti,t m ; a, (3) is explicitly given by 

R(qi,pi,q m ,p m , k, t m ; a, (3) 

(3 (i a a {2(qi - q m ) 2 - t t + t m }pip m 

-qiPl ~ —Piqm - —qiPrn + —q m Pn 



(66) 



tl tm tl tm ti tyyi t\ t m 2{t[ t-m) 

Theorem 13.1. Let us consider a polynomial Hamiltonian system with Hamiltonian 
Hi £ C(t, s,u)[x,y, z,w,q,p] (z = 1,2,3). We assume that 
(Al) deg(Hi) = 5 with respect to x,y, z,w,q,p. 

(A2) This system becomes again a polynomial Hamiltonian system in each coordinate system 
{Uj, ;•'•„.//,. • ; . ( /' ( ., /,./,, (j = 1, . . . , 4): 

Uj = C 6 3 {x^y^z^w^q^pj) (j = l,..., 4), 

via the following birational and symplectic transformations 

1) xx = -, yi = -(yx + a 3 )x, Zx = Z, Wi=w, qx = q, Pi = P, 

x 

.1 ,. 2 s ^ (i \ t—s\ (W 

2) X2 = ~, y 2 = -{(y + w +p - 2x - t)x - 2 I (z - x)x 



2^(q-x)x- t -^j (|) +a 2 }a 



z 2 = ( (z - x)x - t — T ^- ) x, w 2 = q 2 = [{q-x)x- x, p 2 = ^, 



3)x 3 =x, y 3 = y, z 3 = -, w 3 = -{zw + a x )z, q 3 = q, p 3 = p, 

z 

A)x 4 =x, y 4 = y, z A = z, w 4 = w, q 4 = -, p 4 = -(qp + a 4 )q. 

q 



Then such a system coincides with the system (|65|) . 

Theorem 13.2. The system (165(1 is invariant under the following transformations: with the 
notation (*) = (a;, y, z, w, q,p, t, s, u; do, ct\, . . . , a 4 ), 

sx :(*)-* [x + —,y,z,w,q,p,t,s,u;ai,a 2 + a 3 , -a 3 ,a 4 

\ y 



S3 



(*) -> (x.y,z + —,w,q,p,t,s,u; -a 1: a 2 + ax,a 3 ,aA 



s 4 :(*)—►( x,y, z,w, q-\ ,p,t,s,u;ax,a 2 + a 4 ,a 3 ,-a 4 

\ P 

7Ti : (*) — > [z,w,q,p,x,y,s,u,t;a 3 ,a 2 ,a 4 ,ax)- 
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